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In this paper we present a model which can produce boundary confining condition on Dirac
field interacting with Abelian or non Abelian gauge fields. The constraint is generated by a scalar
field. This kind of model can be the foundation for bag models which can produce confinement.
The present work represents among other things a generalization to the non Abelian case of our
previous result where the Abelian case was studied. In the U(1) case the coupling to the gauge field
contains a term of the form g(φ)jµ(A
µ + ∂µB) where B is an auxiliary field and jµ is the Dirac
current. The scalar field φ determines the local value of the coupling of the gauge field to the Dirac
particle. The consistency of the equations determines the condition ∂µφjµ = 0 which implies that
the Dirac current cannot have a component in the direction of the gradient of the scalar field. As a
consequence, if φ has a soliton behavior, like defining a bubble that connects two vacuua, we obtain
that the Dirac current cannot have a flux through the wall of the bubble, defining a confinement
mechanism where the fermions are kept inside those bags. In this paper we present more models in
Abelian case which produce constraint on the Dirac or scalar current and also spin. Furthermore
a model that give the M.I.T confinement condition for gauge fields is obtained. We generalize this
procedure for the non Abelian case and we find a constraint that can be used to build a bag model.
In the non Abelian case the confining boundary conditions hold at a specific surface of a domain
wall.
PACS numbers:
I. INTRODUCTION
In this paper we present a model which produce bound-
ary constraint on Abelian and non Abelian Dirac field.
The constraint controlled by a real scalar field or a com-
plex scalar field. This kind of model can be the basis
a for bag model which can describe confinement. The
concept is like that of our previous paper [1] which will
review here. This model presents the possibility of deriv-
ing boundary condition from the action principle in the
Abelian gauge symmetry case. In that paper we added
global gauge invariant term which couple to dynamical
coupling constant. The coupling to the gauge field con-
tains a term of the form g(φ)jµ(A
µ + ∂µB) where B is
an auxiliary field and jµ is the Dirac current. The scalar
field φ determines the local value of the coupling of the
gauge field to the Dirac particle. The consistency of the
equations determines the condition ∂µφjµ = 0 which im-
plies that the Dirac current cannot have a component
in the direction of the gradient of the scalar field. As
a consequence, if φ has a soliton behavior, like defin-
ing a bubble that connects two vacuua, we obtain that
the Dirac current cannot have a flux through the wall
of the bubble, defining a confinement mechanism where
the fermions are kept inside those bags. In this paper
we present more models in Abelian case which produce
constraint on the Dirac or scalar current and also spin.
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Furthermore a model that give the M.I.T confinement
condition for gauge fields is obtained. We generalize this
procedure for the non Abelian case and we find a con-
straint that can be used to build a bag model. In the non
Abelian case the confining boundary conditions hold at
a specific surface of a domain wall.
In the past there were confinement models, the basic idea
of these models was the confinement of quarks in a cav-
ity of finite size, this cavity usually taken to be spherical
symmetric. Some of the models like the MIT bag model
[2, 3] , added boundary conditions to the action which
provided zero color charge and therefore a confinement
mechanism.
Because of the non natural treatment of adding bound-
ary condition to the action Friedberg and Lee [4, 5] have
constructed a non-topological soliton realizetion of the
bag model in the presence of a non-uniform dielectric
medium.
The dielectric constant is a function of a scalar field σ
and the confining phase is identified as the region where
the dielectric constant becomes zero. This produces in
fact an infinite effective coupling constant in the confine-
ment region.
In their model they didn’t include Gluonic interaction.
Bicke11er, Birse and Wilets [6, 7] have investigated a
self-consistent one gluon exchange approximation with
the consideration of Friedberg and Lee, but their work
included an Abelian approximation. Also Haider and
Liu [8, 9] have also calculated hadron properties simi-
larly, but using a step function for the dielectric function
inside the bag. After it Dodd [10] proposed gluonic cor-
rections to the models.
The model of Friedberg and Lee identifies the confining
2regions with a zero dielectric constant or infinite coupling
constant. This model however also involves a fine tuning
because the potential of the field σ has to have a mini-
mum at the same place where the dielectric constant is
zero. More recently ’t Hooft in his paper ”Perturbative
Confinement” [11] has put into question the idea that
confinement must to be associated to a very big coupling
constant . Several models has been given where the t’
Hooft idea can be realized [12–14].
As we explained before in our case indeed the confine-
ment will not be necessarily related to a very big coupling
constant, in fact it will be related instead to the soliton
behavior of the scalar field and to the space dependent
of a dynamical coupling constant.
The article will be organized as follows. In section II
we review the work that was presented in [1] .In section
III we present another six approaches (all base on the
same principles) in the Abelian case which give bound-
ary conditions on a Dirac current or a scalar current and
also consider a constraint on a magnetic moment current.
The new approaches are related but different in details
than the procedure in reference [1], and every one is inter-
esting by its on right. Then in section IV we present four
cases which gives boundary condition in non Abelian field
in parallel to the cases of section III . In case one we gen-
eralize what we did at reference [1] to non Abelian fields.
In cases two three and four we generalize the example in
section III. in section V we will give an example which
can produce an additional realization of confinement.
II. REVIEW OF CONFINING BOUNDARY
CONDITIONS IN ABELIAN CASE
In this chapter we review the work that we have done in
ref [1]. We will show that dynamical Coupling Constants
can lead to confinement in Abelian field. The dynamical
Coupling Constants is dynamical mostly at the boundary
of the confinement and outside the boundary. The gauge
coupling has a term of the form g(φ)jµ(A
µ+∂µB) where
B is an auxiliary field and the current jµ is the Dirac
current. Before studying the issue of dynamical gauging,
we review how the B field can be used in a gauge theory
playing the role of a scalar gauge field [15][23]. That can
be used to define a new type of convariante derivative.
Starting with a complex scalar field we now gauge the
phase symmetry of φ by introducing a real, scalar B(xµ)
and two types of covariant derivatives as
DAµ = ∂µ + ieAµ ; D
B
µ = ∂µ + ie∂µB . (1)
The gauge transformation of the complex scalar, vector
gauge field and scalar gauge field have the following gauge
transformation
φ→ eieΛφ ; Aµ → Aµ + ∂µΛ ; B → B − Λ . (2)
It is easy to see that terms like DAµ φ and D
B
µ φ, will
be covariant under 2 that is they transform the same
way as the scalar field φ and their complex conjugates
will transfor as φ∗ does. Thus one can generate kinetic
energy type terms like (DAµ φ)(D
Aµφ)∗, (DBµ φ)(D
Bµφ)∗,
(DAµ φ)(D
Bµφ)∗, and (DBµ φ)(D
Aµφ)∗. Unlike Aµ where
one can add a gauge invariant kinetic term involving only
Aµ (i.e. FµνF
µν) this is apparently not possible to do
for the scalar gauge field B. However note that the term
Aµ + ∂µB is invariant under the gauge field transforma-
tion alone (i.e. Aµ → Aµ + ∂µΛ and B → B − Λ). Thus
one can add a term like (Aµ + ∂µB)(A
µ + ∂µB) to the
Lagrangian which is invariant with respect to the gauge
field part only of the gauge transformation in 2. This
gauge invariant term will lead to both mass-like terms
for the vector gauge field and kinetic energy-like terms
for the scalar gauge field. In total a general Lagrangian
which respects the new gauge transformation and is a
generalization of the usual gauge Lagrangian, which has
the form
L = c1D
A
µ φ(D
Aµφ)∗ + c2D
B
µ φ(D
Bµφ)∗
+c3D
A
µ φ(D
Bµφ)∗ + c4D
B
µ φ(D
Aµφ)∗ − V (φ)
− 14FµνF
µν + c5(Aµ + ∂µB)(A
µ + ∂µB) (3)
where ci’s are constants that should be fixed to get a
physically acceptable Lagrangian where c3 = c
∗
4 and
c1 , c2 , c5 are real.
At first glance one might conclude that B(x) is not
a physical field, it appears that one could ”gauge” it
away by taking Λ = B(x) in 2. However in the case
of symmetry breaking when one introduces a complex
charged scalar field that get expectation value which is
not zero, one must be careful since this would imply that
the gauge transformation of the field φ would be of the
form φ → eieBφ i.e. the phase factor would be fixed by
the gauge transformation of B(x). In this situation one
would no longer to able to use the usual unitary gauge
transformation to eliminate the Goldstone boson in the
case when one has spontaneous symmetry breaking.
Indeed in the case when there is spontaneous symmetry
breaking, the physical gauge (the generalization of the
unitary gauge) is not the gauge B = 0, as discussed in
[15], it is a gauge where the scalar gauge field B has to
be taken proportional to the phase of the scalar field θ,
with a proportionality constant that depends on the ex-
pectation value of the Higgs field acording to
θ =
c5 − ae
2ρ20
eρ20(c1 + a)
B . (4)
Also, in general there are the three degrees of freedom
of a massive vector field and the Higgs field, and therefore
all together five degrees of freedom.
If there is no spontaneous symmetry breaking, fixing
the gauge B = 0 does not coincide with the gauge that
allows us to display that the photon has two polariza-
tions, this gauge being Coulomb gauge. This is true even
if we do not add a gauge invariant mass term (possible
given the existence of the B field). By fixing the Coulomb
3gauge, which will make the the photon manifestly having
only two polarizations, we will have already exhausted
the gauge freedom and cannot in general in addition re-
quire the gauge B = 0. So, in Coulomb gauge where the
photon will have two polarizations, the B field and in ad-
dition the two other scalars, the real and imaginary part
of φ all represent true degrees of freedom, so altogether
we have five degrees of freedom, the same as the case
displaying spontaneous symmetry breaking. If we add a
gauge invariant mass term, even when there is no spon-
taneous symmetry breaking (the c5 term), in the gauge
B = 0 we have three polarizations of the massive vector
field and still the real and imaginary parts of the complex
scalar field φ, still five degrees of freedom altogether.
A. Confining Boundary conditions from dynamical
Coupling Constants in Abelian case
We begin with Dirac field ψ and a real scalar field φ,
with the action:
S =
∫
ψ¯(iγµ∂µ −m+ eγ
µAµ)ψ d
4x
− 14
∫
FµνFµν d
4x
+
∫
d4x[g(φ)ψ¯γµψ(Aµ + ∂µB)
+ 12∂µφ∂
µφ− V (φ)] (5)
The model is invariant under local gauge transformations
Aµ → Aµ + ∂µΛ; B → B − Λ (6)
ψ → exp(ieΛ)ψ (7)
The Noether current conservation law for global sym-
metry ψ → eiθψ, θ = constant is,
∂µj
µ
N = (∂µ)(
∂L
∂ψ,µ
δψ) = ∂µ(ψ¯γ
µψ) = 0 (8)
The gauge field equation, containing in the right hand
side the current which is the source of the gauge field is:
∂µF
µν = (e+ g(φ))ψ¯γνψ = jνSource (9)
By considering the divergence of the above equation, we
obtain the additional conservation law:
∂µj
µ
Source = ∂µ(g(φ))ψ¯γ
µψ + g(φ)∂µ(ψ¯γ
µψ)
= ∂µ(g(φ))ψ¯γ
µψ = 0 (10)
If we have scalar potential V (φ) with domain wall be-
tween two false vacuum state, than because of the tran-
sition of the scalar field on the domain wall ∂µ(g(φ)) =
∂g(φ)
∂φ
∂µφ =
∂g(φ)
∂φ
nµf 6= 0. We must conclude that
nµ(ψ¯γ
µψ) |x=domainwall= 0. This means that on the
domain wall there is no communication between the two
sector of the domain, which give a confinement.
B. Confining Boundary conditions holding at a
specific region in a domain wall - Abelian case
The constraint that we have gotten in the last subsec-
tion is too strong and non trivial and holds everywhere
even if the gradients are small , but we wants to have
constraint only in the region where the domain wall is
located, so lets proceed with the same consideration as
above but with coupling of the gauge field and the scalar
field so the constraint will follow from an equation of mo-
tion and only at a specific location. We will see that if
in the action we add an additional term (the 1/l0 term):
S =
∫
ψ¯(iγµ∂µ −m+ eγ
µAµ)ψ d
4x
− 14
∫
FµνFµν d
4x
+
∫
d4x[g(φ)ψ¯γµψ(Aµ + ∂µB) +
1
2∂µφ∂
µφ− V (φ)
+ 1
l0
∂µφ(A
µ + ∂µB)] (11)
The model is invariant under local gauge transformations
as in equation 6.
The Noether current conservation law for global sym-
metry
ψ → eiθψ, θ = constant is,
∂µj
µ
N = (∂µ)(
∂L
∂ψ,µ
δψ) = ∂µ(ψ¯γ
µψ) = 0 (12)
The gauge field equation, containing in the right hand
side the current which is the source of the gauge field is:
∂µF
µν = (e+ g(φ))ψ¯γνψ +
1
l0
∂νφ = jνSource (13)
We can see that we have additional long range term to
the constraint 10. By considering the divergence of the
above equation, we obtain the additional conservation
law:
∂µj
µ
Source = ∂µ(g(φ))ψ¯γ
µψ + g(φ)∂µ(ψ¯γ
µψ)
+ 1
l0
∂µ∂µφ = ∂µ(g(φ))ψ¯γ
µψ + 1
l0
∂µ∂µφ = 0 (14)
The variation on the action by φ gives:
∂µ∂µφ+
∂V
∂φ
− 1
l0
∂µ(A
µ + ∂µB)
+∂g(φ)
∂φ
ψ¯γµψ(Aµ + ∂µB) = 0 (15)
Lets consider a scalar potential V (φ) with domain wall
between two false vacuum state V (ν1) and V (ν2), and
statically solution. Than for finite energy solution we
need to demand that ∂iφ(±∞) = 0 and φ(∞) = ν1 and
φ(−∞) = ν2.
From Rolle’s mathematical theorem, we must conclude
that at some point of the transition of the scalar field on
the domain wall we have that ∂i∂iφ = 0 , so equation 14
on some point on the transition reads:
∂µ(g(φ))ψ¯γ
µψ = 0 (16)
4because on the point of the transition where ∂i∂iφ = 0,
∂iφ 6= 0 than ∂µ(g(φ)) =
∂g(φ)
∂φ
∂µφ =
∂g(φ)
∂φ
nµf 6= 0.
So we must conclude that nµ(ψ¯γ
µψ) |x=domainwall= 0.
This means that on the domain wall there is no com-
munication between the two sector of the domain, which
give a confinement. Also we can see that the coupling
constant far from the domain wall is constant.
III. CONFINING BOUNDARY CONDITIONS IN
ABELIAN CASE - ANOTHER APPROACH.
In this section we present new models which gives a
parallel results as in ref [1]. Every approach have different
interpretation.
A. Introduction of ”dielectic potentials”.
We begin with the action
S =
∫
{ψ¯(iγµ∂µ −m− γ
µAµ)ψ + Lφ} d
4x
− 14
∫
DµνDµν d
4x (17)
where we define the dielectric field strength:
Dµν = ∂µCν − ∂νCµ (18)
where Cµ the dielectric potential is defined as:
Cµ = (1 + g(φ))Aµ + g(φ)∂µB (19)
The Noether current conservation law for global symme-
try ψ → eiθψ, θ = constant is,
∂µj
µ
N = (∂µ)(
∂L
∂ψ,µ
δψ) = ∂µ(ψ¯γ
µψ) = 0 (20)
The model is invariant under local gauge transforma-
tions
Aµ → Aµ + ∂µΛ; B → B − Λ (21)
ψ → exp(−iΛ)ψ (22)
As we can check, under the transformations 21:
Cµ → Cµ + ∂µΛ (23)
and thereforDµν is gauge invariant. With this definition:
Dµν = (1 + g(φ))[∂µAν − ∂νAµ]
+(Aν + ∂νB)∂µg(φ) − (Aµ + ∂µB)∂νg(φ) (24)
Variation of the action by Aµ gives
∂µD
µν =
ψ¯γνψ
(1 + g(φ))
(25)
variation on the action 17 by B gives:
(∂νg(φ))∂µD
µν = (∂νg(φ))
ψ¯γνψ
(1 + g(φ))
= 0 (26)
where we have recognized that ∂µ(ψ¯γ
µψ) = 0 and
∂µD
µν = ψ¯γ
νψ
(1+g(φ)) . Equation 26 tells us that, when the
scalar field is changing then the Dirac field current will
be zero in the direction of the change of the scalar field.
We can get the same result by derivative equation 25 so
∂ν∂µD
µν = (∂νg(φ))
ψ¯γνψ
(1+g(φ))2 = 0 (27)
Again the constraint that we have gotten is too strong
and non trivial and holds everywhere even if the gradi-
ents are small , but we wants to have constraint only in
the region where the domain wall is located, some can
proceed with the same consideration as above II B with
adding in the action an additional term so the constraint
will follow from an equation of motion and only at a spe-
cific location.
B. Constraint from 4 point interaction of scalar
field current and Dirac current.
We begin with the action that have 4 point scalar and
Dirac current interaction :
S =
∫
{ψ¯(iγµ∂µ −m− γ
µAµ)ψ −
1
4F
µνFµν
+(∂µφ
∗ + iAµφ
∗)(∂µφ− iAµφ)− V (φ∗φ)} d4x
+
∫
iψ¯γµψ (φ∗∂µφ− ∂µφ
∗ φ− 2iφ∗φ∂µB) d
4x (28)
Where
Fµν = ∂µAν − ∂νAµ (29)
This expression is local gauge invariant anther:
ψ → e−iΛψ
φ→ eiΛφ
Aµ → Aµ + ∂µΛ
B → B + Λ (30)
The Noether current conservation law for global symme-
try φ→ eiθφ, θ = constant is,:
J(Nφ)µ = φ
∗∂µφ− (∂µφ
∗)φ− i(2Aµ + ψ¯γµψ)φ
∗φ (31)
and the Noether current conservation law for global sym-
metry ψ → eiθψ, θ = constant is,:
Jµ(Nψ) = iψ¯γ
µψ (32)
Variation by Aµ gives the current:
∂νF
νµ = ψ¯γµψ − i(φ∗∂µφ− (∂µφ
∗)φ) − 2Aµφ
∗φ (33)
5Variation by B and using equation 32 gives again the
constraint:
ψ¯γµψ ∂µ(φ
∗φ) = 0 (34)
We can achieve the same constraint with different theory,
where ∂µB is replaced by the vector field Bµ. Now we
considered the action:
S =
∫
{ψ¯(iγµ∂µ −m− γ
µAµ)ψ −
1
4F
µνFµν
+(∂µφ
∗ + iAµφ
∗)(∂µφ− iAµφ) − V (φ∗φ)} d4x
+
∫
iψ¯γµψ (φ∗∂µφ− ∂µφ
∗ φ− 2iφ∗φBµ) d
4x
− 14
∫
BµνB
µν d4x− λ2
∫
FµνB
µν d4x (35)
Where
Fµν = ∂µAν − ∂νAµ
Bµν = ∂µBν − ∂νBµ (36)
This expression is local gauge invariant anther:
ψ → e−iΛψ
φ→ eiΛφ
Aµ → Aµ + ∂µΛ
Bµ → Bµ + ∂µΛ (37)
The Noether current conservation law for global symme-
try φ→ eiθφ, θ = constant is,
J(Nφ)µ = φ
∗∂µφ− (∂µφ
∗)φ− i(2Aµ + ψ¯γµψ)φ
∗φ (38)
and the Noether current conservation law for global sym-
metry ψ → eiθψ, θ = constant is,
J(Nψ)µ = iψ¯γ
µψ (39)
Variation by Aµ gives the current:
∂νF
νµ + λ∂νB
νµ = ψ¯γµψ − i(φ∗∂µφ− (∂µφ
∗)φ)
−2Aµφ
∗φ (40)
Variation by Bµ gives:
∂νB
νµ + λ∂νF
νµ = −2ψ¯γµψφ∗φ (41)
From equation 39 and 41 we have again the constraint:
ψ¯γµψ ∂µ(φ
∗φ) = 0 (42)
C. Derivation of the M.I.T confining boundary
conditions for gauge fields
We begin with an action that has dynamical electric
coupling constant and auxiliary field B:
S =
∫
ψ¯(iγµ∂µ −m− g(φ)γ
µAµ
+(∂µg(φ))γ
µB)ψ d4x− 14
∫
g(φ)FµνFµν + Lφ (43)
where:
Fµν = ∂µAν − ∂νAµ (44)
and the action is local gauge invariant anther:
ψ → e−ig(φ)Λψ
Aµ → Aµ + ∂µΛ
B → B − Λ (45)
The Noether current conservation law for global symme-
try ψ → eiθψ, θ = constant is:
JN = iψ¯γ
µψ (46)
variation by Aµ gives:
(∂µg(φ))F
µν + g(φ)∂µF
µν = g(φ)ψ¯γµψ (47)
We can see that if g(φ) = 0 and also ∂µg(φ) 6= 0 then we
can have the constraint:
(∂µg(φ))F
µν = 0 (48)
This corresponds to the M.I.T boundary conditions for
confinement of gauge fields. Furthermore, by taking di-
vergence of equation 47 or alternatively by variation of
the action with respect to the field B we get:
(∂µg(φ))ψ¯γ
µψ = 0 (49)
So in this case we can have two constraint, one on the
current and the second on the electric and magnetic field.
D. Model that gives M.I.T confinement condition
for gauge fields and scalar current constraint
With the same procedure like the previous subsection
we can make also constraint on the scalar current, so we
begin with the action:
S =
∫
{(∂µφ
∗ + ig(σ)Aµφ
∗ − i(∂µg(σ))Bφ
∗)
(∂µφ− ig(σ)Aµφ+ i(∂µg(σ))Bφ)
−V (φ∗φ) − g(σ)4 F
µνFµν + Lσ} d
4x (50)
where:
Fµν = ∂µAν − ∂νAµ (51)
and the action is local gauge invariant under:
φ→ e−ig(σ)Λφ
Aµ → Aµ − ∂µΛ
B → B + Λ (52)
The Noether current conservation law for global symme-
try φ→ eiθφ, θ = constant is:
JµN = φ
∗∂µφ− ∂µφ∗ φ
−2iAµφ∗φ+ 2i(∂µg(σ))Bφ∗φ (53)
6Variation by Aµ gives:
(∂µg(σ))F
µν + g(σ)∂µF
µν = −ig(σ)JνN (54)
We can see that if g(φ) = 0 and also ∂µg(φ) 6= 0 then we
can have the constraint:
(∂µg(φ))F
µν = 0 (55)
Variation by B gives the second constraint on the scalar
field current:
i(∂µg(σ))[φ
∗∂µφ− ∂µφ
∗ φ
−2iAµφ
∗φ+ 2i(∂µg(σ))Bφ
∗φ] =
i(∂µg(σ))J
µ
N = 0 (56)
E. Coupling to magnetic moment type interaction:
We begin with action that have spinor interaction, that
interaction have variant coupling constant. Mostly spin
interaction is in the form ψ¯σµνψFµν but by integration
by part it can deform to be ∂µ(ψ¯σ
µνψ)Aµ. We will show
that if we have variant coupling constant to this inter-
action and exalary field, we can get constraint on the
spinor.
S =
∫
ψ¯(iγµ∂µ −m+ eψ¯γ
µAµψ)ψ d
4x
− 14
∫
FµνFµν d
4x+
∫
d4x[µ(φ)∂ν (ψ¯σ
µνψ)(Aµ + ∂µB)
+ 12∂µφ∂
µφ− V (φ)] (57)
where σµν = i4 [γ
µ, γν ]. The model is invariant under
local gauge transformations
Aµ → Aµ + ∂µΛ; B → B − Λ (58)
ψ → exp(ieΛ)ψ (59)
The Nuether current is:
JµN = iψ¯γ
µψ (60)
Variation by Aµ gives:
∂µF
µν = −eψ¯γνψ − µ(φ)∂µ(ψ¯σ
µνψ) = jνA (61)
from equation 60 and 61 or parallel by variation by B on
the action we get the constraint on the spinor:
(∂µµ(φ))∂ν (ψ¯σ
µνψ) = 0 (62)
F. Dirac spinor and scalar current interaction.
We going to show that the same constraint can be fol-
low as in the previews subsection with current spin in-
teraction. We begin with the action:
S =
∫
{ψ¯(iγµ∂µ −m− γ
µAµ)ψ −
1
4F
µνFµν
+(∂µφ
∗ + iAµφ
∗)(∂µφ− iAµφ) − V (φ∗φ)} d4x
+
∫
i∂ν(ψ¯σ
µνψ) (φ∗∂µφ− ∂µφ
∗ φ− 2iφ∗φBµ) d
4x
− 14
∫
BµνB
µν d4x−−λ2
∫
BµνF
µν d4x (63)
Where
Fµν = ∂µAν − ∂νAµ
Bµν = ∂µBν − ∂νBµ (64)
This expression is gauge invariant anther:
ψ → e−iΛψ
φ→ eiΛφ
Aµ → Aµ + ∂µΛ
Bµ → Bµ + ∂µΛ (65)
The Nuether current is:
J(Nφ)µ = φ
∗∂µφ− (∂µφ
∗)φ
−i(2Aµ + ∂ν(ψ¯σ
µνψ))φ∗φ (66)
J(Nψ)µ = iψ¯γ
µψ (67)
Variation by Aµ gives the current:
∂νF
νµ + λ∂νB
νµ =
ψ¯γµψ − i(φ∗∂µφ− (∂µφ
∗)φ)− 2Aµφ
∗φ (68)
Variation by Bµ gives:
∂νB
νµ + λ∂νF
νµ = −2∂ν(ψ¯σ
µνψ)φ∗φ (69)
From equation 69 we have again the constraint:
∂µ∂νB
νµ + λ∂µ∂νF
νµ = −2∂ν(ψ¯σ
µνψ)∂µ(φ
∗φ) = 0(70)
where we used the fact that ∂µ∂ν(ψ¯σ
µνψ) = 0
G. Consistent models with time dependent fine
structure constant
The formalism developed here provides the possibility
of formulating a consistent formalism where the effective
electric charge can change with space and time such pos-
sibility have been considered in cosmological contexts.
Many papers have been published on the subject of the
variation of the fine structure constant. There are some
clues that show that the structure constant has been
slightly variable, although this is not generally agreed.
Bekenstein [16] has shown a different approach to formu-
late consistently a theory with a variable coupling con-
stant. The Oklo natural geological fission reactor has
lead to a measurement that some claim it implies the
structure constant has changed by a small amount of the
order of α˙
α
≈ 1× 10−7 [17].
IV. CONFINING BOUNDARY CONDITIONS IN
SU(N) NON ABELIAN CASE
In the case of non Abelian gauge fields, we can also
obtain the constraint boundary conditions in a simi-
lar way. First by adding an interaction between cur-
rent and the gauge field of the form (introduction the
7dynamical coupling constant g(φ) ). g(φ)ψ¯γµ(T aAaµ +
i
ζ
U(θ)∂µU
−1(θ))ψ where the unitary matrix U corre-
sponds to the non Abelian generalization of the B field
of Abelian case. The second possibility is to introduce
g(φ) and U in a dielectric field strengths Dµν . However,
as opposed to the Abelian case the constraint takes place
naturally at a certain value of φ, not every where, so the
problem of the ” too strong constraint” does not a pear
in the non Abelian case. Furthermore we can see that
also the 4 point interaction between scalar current and
Dirac current in non Abelian field produce constraint on
the current. Also like in the Abelian case the Spinor
constraint can be produce. Now we going to cover the
possible non Abelian case for each of the above example.
A. Case 1: Constraint from Dynamical Couplings
in the Non Abelian Theory
Let us proceed with the same consideration but with
Dirac field ψ and real scalar field φ, with the action that
uses the gauge covariant combination
T aAaµ +
i
ζ
U(θ)∂µU
−1(θ) which was used by Cornwall to
construct gauge invariant mass terms [18] but which we
use here to couple to a current and to produce a dynam-
ical coupling between the gauge fields and the fermions,
S =
∫
ψ¯(iγµ∂µ −m− ζγ
µT aAaµ)ψ d
4x
− 14
∫
F aµνF aµν d
4x
−
∫
d4x[g(φ)ψ¯γµ(T aAaµ +
i
ζ
U(θ)∂µU
−1(θ))ψ]
+Sφ (71)
where T a are the generators of SU(N), where T a are
normilazed as Tr(T aT b) = Nδab. This action is invariant
under gauge transformation that also involve the trans-
formation of U
U → V U (72)
so:
i
ζ
U(θ)∂µU
−1(θ)→ V ( i
ζ
U(θ)∂µU
−1(θ))V −1
+ i
ζ
V ∂µV
−1 (73)
while T aAaµ transforms as
T aAaµ → V T
aAaµV
−1 −
i
ζ
V ∂µV
−1 (74)
The F aµν is defined:
F aµν = ∂µA
a
ν − ∂νA
a
µ + ζf
abcAbµA
c
ν (75)
Variation on the action by Aaµ gives:
DµF
a
µν = (ζ + g(φ))ψ¯T
aγνψ (76)
Variation by U gives (where we used the fact
i
ζ
U∂µU
−1 = i
Nζ
T aTr(T aU∂µU
−1):
∫
[− i
ζ
g(φ)ψ¯T aγµδ(Tr(T aU∂µU
−1))ψ]d4x
=
∫
[− i
ζ
g(φ)ψ¯T aγµTr(T aδ(U∂µU
−1))ψ]d4x
=
∫
{− i
ζ
g(φ)ψ¯T aγµ[Tr(T aδ(U)∂µU
−1)
+Tr(T aUδ(∂µU
−1))]ψ}d4x
=
∫
{− i
ζ
g(φ)ψ¯T aγµ[Tr(T a(δU)∂µU
−1)
−Tr(T a∂µUδ(U
−1))]ψ
+ i
ζ
(∂µg(φ))ψ¯T
aγµTr(T aUδU−1)ψ
+ i
ζ
g(φ)∂µ(ψ¯T
aγµTr(T aUδU−1)ψ)}d4x = 0 (77)
Using the fact that
Tr(T aδ(U)∂µU
−1)− Tr(T a∂µUδ(U
−1))
= −Tr([T a, ∂µU ]δU
−1]) (78)
we obtain that the equation of motion is
Tr(T aUδU−1)(∂µg(φ))ψ¯T
aγµψ
+g(φ)[Tr(T aUδU−1)∂µ(ψ¯T
aγµψ)
+ψ¯T aTr([T a, ∂µU ]δU
−1])γµψ] = 0 (79)
We can see that if g(φ) = 0 and ∂µg(φ) 6= 0 then
∂µg(φ)ψ¯T
aγµψ = 0.
Furthermore, if we perform a covariant divergence on
equation 76 we get:
(∂µg(φ))ψ¯T
aγµψ + (ζ + g(φ))[∂µ(ψ¯T
aγµψ)
+iζfabcψ¯AbµT
cγµψ] = 0 (80)
We can see that if g(φ) = −ζ and ∂µg(φ) 6= 0 then
∂µg(φ)ψ¯T
aγµψ = 0. Not like in the simplest case of the
Abelian symmetry where we got a too strong constraint
such that we had to add a term to the action so that the
constraint will be just at specific location (see subsection
II B). In the non Abelian case we get that the constraint
is in a very specific location automatically. In section V
we will see that from those consideration we can obtain
a bubble formation.
B. Case 2: Constraint using dielectric field in the
non Abelian theory
We start with the action:
S =
∫
{ψ¯(iγµ∂µ −m− ζγ
µT aAaµ)ψ} d
4x
− 14
∫
DaµνDaµν d
4x+ Sφ (81)
where:
Daµν = ∂µC
a
ν − ∂νC
a
µ + ζf
abcCbµC
c
ν (82)
where:
Cµ = (1 + g(φ))T
aAaµ +
i
ζ
g(φ)U∂µU
−1 =
(1 + g(φ))T aAaµ +
i
ζ
g(φ)T a Tr(T aU∂µU
−1) (83)
8Under gauge transformation U transform as
U → V U (84)
while T aAaµ transforms as
gT aAaµ → V gT
aAaµV
−1 −
i
ζ
V ∂µV
−1 (85)
and
Cµ → V CµV
−1 −
i
ζ
V ∂µV
−1 (86)
while Daµν transforms co-variantly as
T aDaµν → V T
aDaµνV
−1 (87)
Now Daµν will be:
Daµν = (1 + g(φ))(∂µA
a
ν − ∂νA
a
µ)
+(Aaν +
i
ζ
Tr(T aU∂νU
−1))∂µg(φ)
−(Aaµ +
i
ζ
Tr(T aU∂µU
−1))∂νg(φ)
+ i
ζ
g(φ)[Tr(T a∂µU∂νU
−1)− Tr(T a∂νU∂µU
−1]
+ζfabc[(1 + g(φ))Abµ +
i
ζ
g(φ)Tr(T bU∂µU
−1)] ∗
[(1 + g(φ))Acν +
i
ζ
g(φ)Tr(T cU∂νU
−1)] (88)
Variation of the action 81 with respect to Aaµ gives:
∂µD
aµν + ζfabc[(1 + g(φ))Abµ
+ig(φ)Tr(T bU∂µU
−1)]Dcµν =
D
(C)
µ Daµν =
ζψ¯Taγνψ
1+g(φ) (89)
Variation of the action 81 with respect to U gives:
Tr(T aUδU−1)∂µg(φ)D
(C)
ν Dµνa
+Tr(T aUδU−1)g(φ)[∂µ(D
(C)
ν Dµνa)
+Tr([T a, ∂µU ]δU
−1])D
(C)
ν Dµνa] = 0 (90)
We can notice in equation 90 that, if ∂µg(φ) 6= 0 and
g(φ) = 0 then
(∂µg(φ))D
(C)
µ D
aµν = 0 (91)
and
(∂µg(φ))ψ¯T
aγµψ = 0 (92)
C. Case 3: Constraint from Dirac and scalar
current interaction.
We begin with the action:
S =
∫
{ψ¯(iγµ∂µ −m− ζγ
µT aAaµ)ψ −
1
4F
aµνF aµν
+(∂µφ
+ + iζφ+T aAaµ)(∂
µφ− iζT aAaµφ)− V (φ+φ)
+iψ¯T aγµψ (φ+T a∂µφ− ∂µφ
+ T aφ
−2ζiǫabcφ+T bBcµφ)−
1
4 B
a
µνB
aµν
−λ2 B
a
µνF
aµν} d4x (93)
where:
F aµν = ∂µA
a
ν − ∂νA
a
µ + ζf
abcAbµA
c
ν (94)
and
Baµν = ∂µB
a
ν − ∂νB
a
µ + ζf
abcBbµB
c
ν (95)
The action is gauge invariant under:
ψ → V ψ
T aAaµ → V T
aAaµV
−1 − i
ζ
V ∂µV
−1
T aBaµ → V T
aBaµV
−1 − i
ζ
V ∂µV
−1 (96)
Variation by Aaµ gives:
D
(A)
µ F aµν + λD
(A)
µ Baµν =
ζψ¯T aγνψ − iζ(φ+T a∂νφ− ∂νφ+ T aφ
−2ζiǫabcφ+T bAcνφ) (97)
where:
D(A)µ = ∂µ − iζT
aAaµ (98)
Variation by Bµ gives:
D(B)µ B
aµν + λD(B)µ F
aµν = 2ζǫabcφ+T bψ¯γµT cψφ (99)
where:
D(B)µ = ∂µ − iζT
aBaµ (100)
second darivation on the last equation gives:
D
(B)
ν D
(B)
µ Baµν + λD
(B)
ν D
(B)
µ F aµν =
2ζ∂ν(φ
+φ)ǫabcT bψ¯γµT cψ +
2ζφ+φǫabcT b[∂ν(ψ¯T
cψ)− iζǫcdfBdν ψ¯T
fγνψ] = 0(101)
We can see that if φ+φ = 0 and ∂µ(φ
+φ) 6= 0 then we
have the constraint like before:
∂ν(φ
+φ)ǫabcT bψ¯γµT cψ = 0 (102)
D. Case 4: Coupling to magnetic moment type
interaction
We begin with an action that has a coupling to mag-
netic moment type interaction.
S =
∫
ψ¯(iγµ∂µ −m− ζψ¯γ
µT aAaµψ)ψ d
4x
− 14
∫
F aµνF aµν d
4x
+
∫
d4x[µ(φ)DAν (ψ¯σ
µνψ)(Aµ +
i
ζ
U∂µU
−1)
+ 12∂µφ∂
µφ− V (φ)] (103)
where σµν = i4 [γ
µ, γν ] is the anti - symmetric Dirac ten-
sor and DAµ = ∂µ + iζT
aAaµ. This action is invariant
9under gauge transformation that also involve the trans-
formation of U
U → V U (104)
so:
i
ζ
U(θ)∂µU
−1(θ)→ V ( i
ζ
U(θ)∂µU
−1(θ))V −1
+ i
ζ
V ∂µV
−1 (105)
while T aAaµ transforms as
T aAaµ → V T
aAaµV
−1 −
i
ζ
V ∂µV
−1 (106)
The F aµν is defined:
F aµν = ∂µA
a
ν − ∂νA
a
µ + ζf
abcAbµA
c
ν (107)
Variation by U gives the equation:
Tr(T aUδU−1)(∂µµ(φ))ψ¯T
aσµνψ
+µ(φ)[Tr(T aUδU−1)∂µ(ψ¯T
aσµνψ)
+ψ¯T aTr([T a, ∂µU ]δU
−1])σµνψ] = 0 (108)
We can see that when µ(φ) = 0 and ∂µµ(φ) 6= 0 then we
have the constraint:
(∂µµ(φ))ψ¯T
aσµνψ = 0 (109)
We can see that this constraint is parallel to the con-
straint of equation 79. Someone can check that if we
take the action:
S =
∫
{ψ¯(iγµ∂µ −m− ζψ¯γ
µT aAaµψ)ψ
− 14
∫
F aµνF aµν d
4x
+(∂µφ
+ + iζφ+T aAaµ)(∂
µφ− iζT aAaµφ)− V (φ+φ)
+iD
(A)
µ (ψ¯T aσµνψ) (φ+T a∂µφ− ∂µφ
+ T aφ
−2ζiǫabcφ+T bBcµφ)−
1
4 B
a
µνB
aµν
−λ2 B
a
µνF
aµν} d4x (110)
we can get parallel result as equation 102
V. EXAMPLE OF A BAG MODEL: THE
SCALAR FIELD POTETIAL AND THE
DYNAMICAL COUPELING CONSTANT g(φ)
As we saw in case 1 and case 2, we had a situa-
tion where ∂µg(φ)ψ¯T
aγµψ = 0 when g(φ) = 0 and
∂µg(φ) = nµ 6= 0. In other words, the scalar field can
make domain wall for the Dirac field (the Dirac field
cant pass the domain). Lets build bag model by possess-
ing spherical symmetric real static scalar field, which has
two vacuum expectation value (φ0 and φ+). There is in-
finitesimal shell on the transition which g(φtransition) = 0
and ∂µg(φtransition) 6= 0. Variation on the action 71 (case
1) by φ gives
{
∂Lφ
∂φ
− ∂µ
∂Lφ
∂(∂µφ)
}
+∂g(φ)
∂φ
ψ¯γµ(T aAaµ +
i
ζ
U(θ)∂µU
−1(θ))ψ = 0 (111)
and variation on the action 81 (case 2) by φ gives:
{
∂Lφ
∂φ
− ∂µ
∂Lφ
∂(∂µφ)
}
+∂g(φ)
∂φ
ψ¯γµ(
TaAaµ+
i
ζ
U(θ)∂µU
−1(θ)
1+g(φ) )ψ = 0 (112)
In both cases, outside the bag the term ψ¯γµ(T aAaµ +
i
ζ
U(θ)∂µU
−1(θ))ψ = 0. We define the Lagrangian to be:
Lφ = ∂µφ∂
µφ− V (φ) (113)
We will follow the nice choice of Friedberg and Lee [4, 5]
for the potential.
V (φ) =
zφ+
2
φ2 −
φ+ + z
3
φ3 +
φ4
4
− Ω (114)
where:
Ω =
zφ+
2
φ2+ −
φ+ + z
3
φ3+ +
φ4+
4
(115)
where φ0 = 0 and always V (φ+) = 0 , and
∂V (φ+)
∂φ
=
∂V (φ0)
∂φ
= 0, where also ∂V (z)
∂φ
= 0 . Because we want
φ+ > φ0 and V (φ+) < V (φ0) and V (φ0) to be a local
minimum (this means that V (φ0+) is a global minimum),
then we need that (see figure 1):
0 < z <
φ+
2
(116)
We take g(φ) to be:
g(φ) = α(V (φ)− C) (117)
so ∂g(φ0)
∂φ
= ∂g(φ+)
∂φ
= 0, and α is some constant, and C
is a constant which:
0 < C < Ω (118)
We should note that equation 117 is an example of func-
tion that give bag model, but there is also anther kind of
functional that can be used. Inside the bag, the lowest
energy density will be when φ = 0, then also the Dirac
field don’t effect the equation of motion of the scalar field
(because ∂g(0)
∂φ
= 0 ). At the transition from φ0 to φ+,
there must be a shell where g(φtransition) = 0, so there
must be a shell across which the Dirac current has zero
flux. Outside the bag the energy density is negative (In
comparison to the inside energy density), because the
scalar field outside the bag is homogeneous static, and
the potential is negative, the true vacuum will pressure
to squeeze the bag. At the transition the Dirac field may
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affect the scalar field, but we can assume that it wont
stop the transition of the scalar field. The size of the
bag depends on the amount of pressure of the Dirac field
inside the bag, which balance the positive pressure of the
scalar field outside the bag. In other word the Dirac field
will balance the shrinking of the bag, so it will get a finite
size.
VI. CONCLUSION
In this paper we presented a model which can produce
confining boundary condition on Dirac field interacting
with Abelian or non Abelian gauge fields. The constraint
is generated by a scalar field. This kind of model can
be the foundation for bag models which can produce
confinement. The present work represents among other
things a generalization to the non Abelian case of our
previous result. In the U(1) case the coupling to the
gauge field contains a term of the form g(φ)jµ(A
µ+∂µB)
where B is an auxiliary field and jµ is the Dirac current.
The scalar field φ determines the local value of the
coupling of the gauge field to the Dirac particle. The
consistency of the equations determines the condition
∂µφjµ = 0 which implies that the Dirac current cannot
have a component in the direction of the gradient of the
scalar field. As a consequence, if φ has a soliton be-
havior, like defining a bubble that connects two vacuua,
we obtain that the Dirac current cannot have a flux
through the wall of the bubble, defining a confinement
mechanism where the fermions are kept inside those
bags. In this paper we presented more models in Abelian
case which produce constraint on the Dirac or scalar
current and also spin or to the electric and magnetic
field. We generalized this procedure for the non Abelian
case and we found a constraint that can be used to build
a bag model. In the non Abelian case the confining
boundary conditions hold at a specific surface of a
domain wall. As we saw in the Abelian case, by building
the dielectric field strength in equation 18 or by building
the four point interaction 35, we got a constraint on
the Dirac current 27 and, respectively 42. We can also
get a constraint on the field strength 48 and the Dirac
current or respectively the scalar current by using the
simple action 43 and respectively 50 which give a model
that give the M.I.T confinement condition for gauge
fields. Further more, we can have the constraint on the
magnetic current 62 and 70 by using the action 57 and,
respectively 63. We continue with the same procedure
also in the non Abelian field and got a parallel result as
in the Abelian case.
We can generalize this way to get charge confinement
(by enforcing that the flux through a surface is van-
ishes) is to make the coupling constant dynamical. In
order to make this consistent with gauge invariance
an auxiliary field has to be introduced. The variation
of the action with respect to this auxiliary field or
the divergence of the gauge field equation produce the
confinement condition (a zero flux through the surface
condition). This kind of current constraint can produce
different bags models which have different interpretation.
Finely it is interesting that a connection has been
made by other authors between massive gluons and the
confinement [18, 19]. In our case we see that confinement
is associated with dynamical couplings which require
the introduction of auxiliary fields, B or U depending
if we study the abelian or non abelian case. The same
auxiliary field can than be used to construct gauge
invariant mass terms, so indeed from this point of view
a connection between massive gluons and confinement
seems indeed natural.
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